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Abstract 
We give formulae which yield linear algorithms for calculating distance sequences in 
Euclidean and hyperbolic tessellations. Then, we characterize the Euclidean tessellations as 
the regular tessellations whose distance sequence is linear and show that, in a hyperbolic 
or Euclidean tessellation {p,q}, for every n > 0, q divides the circumference of the circles 
of radius n. 
1. Introduction 
Given a graph G, a vertex Xo of G, and an integer n/> 0, the circle Ca of centre Xo 
and of radius n is the set of all the vertices at distance n from Xo, and the circumference 
cn is the cardinality of Ca. The distance sequence of G and centre Xo is the sequence 
(Co,Cl,C2 . . . . .  c . . . . .  ). When G is vertex-transitive, we can talk about the distance 
sequence of G. 
In the Euclidean plane, there exist three monohedral  edge-to-edge tilings with 
regular polygons, the square, triangular and hexagonal tilings (see Fig. 1). 
In the square tiling, at each vertex, four 4-gons (i.e. squares) meet; in the triangular 
tiling six 3-gons meet at each vertex, and in the hexagonal tiling, three 6-gons meet. 
More generally, for every p, q >f 2, we can define the regular tessellation {p, q }, where, 
at each vertex, q p-gons meet (see [1-3]). If (p - 2)(q - 2) = 4, we obtain a Euclidean 
tessellation (i.e. one of the three tillings in Fig. 1). If (p - 2) (q - 2) < 4, we obtain 
a spherical tessellation (i.e. a tiling of the sphere). If (p - 2)(q - 2) > 4, we obtain 
a hyperbolic tessellation. One can see a regular tessellation as a vertex-transitive 
graph, which is finite for spherical tessellations and infinite in the other cases (see [1] 
for a description of the group of motions). 
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In this paper, we shall first give formulae for calculating distance sequences in 
hyperbolic and Euclidean tessellations. Then, we shall use these formulae to charac- 
terize the Euclidean tessellations as the regular tessellations whose distance sequence 
is linear and to show that, in an infinite regular tessellation {p,q}, q divides the 
circumference of the circles of diameter greater than 0. 
2. Distance sequences in hyperbolic and Euclidean tessellations 
We represent hese tessellations in the following way: vertices are on parallel 
lines .... l_, ..... l_ 2, l_ 1, lo, 11,12 ..... l . . . . . .  The neighbours of a vertex on line li are its 
two 'geometric' neighbours on li, we shall call them on-line neighbours, and vertices on 
li-i and li÷l; for i>  0 (resp. i<  0), the neighbours on 1~-1 (resp. 1~÷1) are called 
interior neighbours, and those on li+l (resp. li-1) exterior neighbours. We represent 
tessellations such that the number of interior neighbours i minimum. We consider, 
with no loss of generality, circles C,, where n is the radius, with their centre on lo. For 
example, {4,4} and {3, 6} are represented as in Fig. 1, and {6,3} as in Fig. 2. 
We remark that, for every tessellation {p, q} and every n >/1, Cn has exactly two 
vertices on lo. In addition, all the interior neighbours of a vertex of C~ are in C, or C~_ 1. 
We now consider the tessellations {5, q}, q/> 4. The tessellation {5, 4} is represented 
in Fig. 3, and {5, 5} in Fig. 4. 
We denote Rn the set of the vertices in C, which have an interior neighbour or are 
on lo, r, its cardinality, S~ the set of the vertices in C, not on lo which have no interior 
neighbour and s, its cardinality. 
We remark that one of the shortest paths from a vertex to the centre can be 
obtained by taking, at each step, the interior neighbour or, if not, a neighbour which 
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has an interior neighbour (three consecutive vertices on the same line with no interior 
neighbour would create at least a 6-gon) until we are on lo. 
A vertex of S, has (q - 2) exterior neighbours (which are in Rn+ 1), and a vertex of 
R, has (q - 3) exterior neighbours in R,+ 1. Thus every vertex of S, creates (q - 3) 
triangles; each of these triangles needs, to be 'transformed into a 5-gon', two vertices, 
which are in S, + 2. Thus, with each vertex of S~ are associated 2(q - 3) vertices in S, ÷ 2; 
these vertices are represented by white points in Figs. 3 and 4. 
Similarly, 2(q - 4) vertices in S,+2 are associated with each vertex of Rn; these 
vertices are represented by grey points in Fig. 4. Two neighbours on the same line 
create a square with two of their exterior neighbours. This square needs a vertex 
(represented in Figs. 3 and 4 by a black point), with no interior neighbour, to be 
transformed into a 5-gon. We now number these vertices. The on-line neighbours of 
a vertex in Rn have no interior neighbour (otherwise, the two on-line neighbours and 
their interior neighbours would form a square or a triangle); thus, two black vertices in 
S, + 2 are associated by this way with every vertex in R,, 
When two on-line neighbours have no interior neighbours, they are in the same S, 
(there can only be two consecutive grey or white points). Thus, the black point in 
S, + 2 associated with this couple can be associated with the vertex in R,_ 2 or S~_ 2 
which has 'generated' this couple. So, (q - 4) vertices in S, + 4 are associated with every 
vertex of Rn and (q - 3) vertices in S,÷4 with every vertex of S~ (these vertices are the 
big black points in Fig. 5). 
Every vertex in 1 o n C, acts like a vertex of R~ for line ll if n is even, and for line 
l_ 1 if n is odd, except for n = 0, in which case it creates four black points in 
Sn + 2 instead of two. In addition, every vertex in l0 c~ C. creates a vertex in Rn +1; this 
vertex is on 11 when n is odd and on l_ 1 when n is even. We can summarize all this in 
the following formulae (for i < 0, r~ = si = 0): 
ro = 1, So = 0, 
r l  = q, Sl = 0, 
r2=(q- -  3 )q+4,  s2=2(q- -4 )+4.  
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For n ~> 3, 
rn=(q-3) r , - i  +(q -2)s~- i  +4,  
s~ = 2(q -  4)r.-2 + 2(q -  3)s.-2 + 2rn-2 + (q -  3)s,-4 + (q -  4)r~-4. 
In all cases 
C n = r n + Sn. 
We now consider the tessellations {4, q}, with q t> 4. We keep the same notations as 
above. The tessellation {4, 5} is represented in Fig. 6. Classical representations of this 
tessellation can be seen in [4, pp. 118 and 195]. 
~
 
m
m
 
J~
 
t~
 
b
~
 
~
J 
216 P. Pr~a/ Discrete Mathematics 146 (1995) 211-233 
1.i lo 
12 
Fig. 6. 
A vertex in R, implies (q - 3) vertices in R.+I and thus (q - 4) triangles each of 
which needs one vertex in S. + 2 to be transformed into a square. Similarly, a vertex in 
S, implies (q - 2) vertices in R.+I  and (q - 3) vertices in S.+2. The vertices on lo can 
be treated in exactly the same way as for {5, q}. Thus, we have the formulae 
ro = 1, So = 0, 
rl = q, Sl = 0. 
For n >/2, 
r .=(q -3) r . _ l  +(q -2)s . -1  +4,  
s. = (q - 4)r . -2 + (q - 3)s.-2.  
In all cases 
Cn = rn + Sn. 
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We now consider the tessellations {3,q }, q >~ 6. The tessellation {3, 7} is represented 
in Fig. 7. 
We denote Rn the set of the vertices in Cn which have exactly one interior neighbour, 
rn its cardinality, S, the set of the vertices in C, which have two interior neighbours 
and sn its cardinality; vertices with two interior neighbours are called S-vertices. Every 
vertex in R~ has two exterior neighbours in Sn+l or S, and (q - 5) in R~+1. Every 
vertex in S, has two exterior neighbours in S,÷1 or S, and (q - 6) in R,+I. Every 
vertex in lon  C, has four exterior neighbours in S,+ ~ or S, and (q - 6) in R,+I. For 
n ~> 1, C, is a cycle. If two vertices of C, are on-line neighbours, they have one 
common exterior neighbour. If a vertex x of C, is an exterior neighbour of another 
1-2 1-1 10 11 12 
Fig. 7. 
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vertex y of C., it is in S. (otherwise, x would have an on-line neighbour in C._ ~ which 
would be an exterior neighbour of y). x is not in S.+ ~, but y has another exterior 
neighbour in S.+1. Thus, to obtain s.+l from the number of S-vertices which are 
exterior neighbours of vertices of C., one has to subtract c.. So, we have the formulae 
ro=0,  So=0,  Co= 1, 
r l=q-6 ,  s1=4,  c l=q.  
For n/> 2, we have 
r. = (q - 5)rn_ 1 q- (q - 6) Is . - ,  + 2], 
s .= 2[r ._ l  + s . _ l ]  + 8 -C ._ l ,  
C n.'= r n q- S n-t- 2. 
We now consider tessellations {p, q}, where p is an even integer greater than five 
and q is greater than or equal to 4. Fig. 8 represents essellation {6,4}. We denote R. 
the set of vertices in C. which have exactly one interior neighbour, its cardinality, S. 
the set of the vertices in C. not on lo which have no interior neighbour and s, its 
cardinality. (q - 3) (resp. (q - 2)) vertices of R. + ~ are associated with every vertex of 
R. (resp. S,). These vertices of R.+~ create (q -4 )  (resp. (q - 3)) triangles. Each of 
these triangles needs (p - 3) vertices to be transformed into a p-gon. For every i in 
[2, (p - 2)/2], two of these vertices are in S,+~; and one is in S.+p/2. 
Two on-line neighbours which are not on lo create a square with two of their 
exterior neighbours. This square needs (p - 4) vertices to be transformed into a p-gon. 
If both are in the same C~, we are in the situation represented by Fig. 9. If they are not 
in the same C., one is in C., and the other in C.+ x. We are in this case in the situation 
of Fig. 10. 
In the two last figures, beside each vertex, the difference between its distance from 
the radius and n is noted. We can see that, in both cases, half of these (p - 4) vertices 
derive from one vertex of the inner line, and the other half from the other vertex of the 
inner line. So, in this way, from every vertex in C. not on lo, and for every i in 
[2, (p - 2)/2], one can derive two vertices in S.+i. 
The vertices in lo c~ C, create, like the vertices of S., (q - 2) vertices in R. + ~ and 
(q - 3) triangles. But, with their on-line neighbours, they do not create squares but 
pentagons. One of these pentagons i particular: it is the one which contains the center 
of the circles and its two on-line neighbours. To complete this pentagon there are one 
vertex in Sp/2 and two vertices in St for i in ]2,p/2[. The other pentagons are 
completed like the one in Fig. 11. 
One can see that (p/2 - 2) added vertices derive from the vertex on lo labelled 0; and 
(p/2 - 3) from the vertex on 1o labelled 2. The number s'. of such vertices in C. is: 0 for 
n~< 1 ;2 forn=2;4(n -2)+2for3<~n<~p/2-1 ;2p-9 forn=p/2 ;2p-10for  
n > p/2. 
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If we denote t~ the cardinality of lo c~ Cn, we have 
C n = r n + Sn + t n 
with 
ro=0,  So=0,  to= 1. 
And, for n/> 1, 
rn = (q - 2) [s~_ 1 + t~_ 1] + (q - 3)r~_ 1, t, = 2 
s~=s~,+2 ~ ( sn - i+r~- i )+(q -4)  r , -p /2+2 ~ r~- i  
i=2  i=2 
I p/2 - 1 
+ (q - 3) s~-p/2 + t~-p/2 + 2 ~ (sn- i  + t,_i)]. 
i=2 
We now consider the tessellations {p, 3}, where p is an even integer greater than 5. 
We keep the same notations as above. Fig. 12 shows tessellation {8, 3}; and Fig. 2 
shows {6, 3}. 
Two on-line neighbours x and y with no interior neighbours create, with their 
exterior neighbours, a square which needs p - 4 vertices to be completed. As in the 
previous case, half of these vertices derive from x and the other from y. In fact, one can 
make them derive from the exterior neighbours of x and y. A vertex x of R~, with its 
two on-line neighbours y and z and their exterior neighbours, creates a pentagon 
which needs (p - 5) vertices to be completed. Among these vertices, one can say that 
(p/2 - 3) derives from x, and (p /2  - 3) from y (or from their exterior neighbours). To 
count the remaining vertex, one can say that y and z create (p /2  - 2) vertices and that 
x deletes one of them. As s~, and t, are the same as in the previous case, we have 
C n = r n 4. s n 4- t n 
with 
to=0;  So=0; 
And, for n >/1, 
to=l .  
p/2 - 1 
F. 
i=2  
rn = sn_ 1 + t , -  t ,  s~ = s'~ + 2 s~_ i - r , _  p/2, t n = 2. 
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We now study tessellations {p, q}, where p is an odd integer greater than six and q is 
greater than 3. Fig. 13 represents {7,4}. R., r,, S, and s, keep the same meaning as 
above. 
Likewise (q - 3) (resp. (q - 2)) vertices of R, + 1 are associated with every vertex of 
R. (resp. S,). These vertices of R ,+I  create (q -4 )  (resp. (q - 3)) triangles. Each of 
these triangles needs (p - 3) vertices to be transformed into a p-gon. For every i in 
[2, (p - 1)/2], two of these vertices are in S.+i. Two on-line neighbours x and y not on 
lo, with two of their exterior neighbours, create a square which needs (p - 4) vertices 
to be completed. If x and y are not in the same C., one is in a C, and the other in C. + 1. 
These cases are represented in Fig. 14. 
In both cases, among these (p - 4) vertices, we can say that the ((p - 3)/2) left-most 
(resp. right-most) ones depend on the left-most (resp. right-most) of x and y. So, two 
vertices in S,+i are associated with each vertex of C, not on 10, for every i in 
[2,(p - 3)/2]. 
In the left-hand case in Fig. 14, the 'central' vertex is associated with the closest to 
the centre of x and y. The right-hand case in this figure can occur only if one of x or y is 
a central vertex (for another (x, y)) or if x and y are inside a triangle, at distance 
(p - 1)/2 from the vertex which 'created' the triangle; in this later case, we can say that 
one of x or y is a central vertex for the 'root'  of the triangle. We call the set of the 
central vertices in C.S'. (and s'. its cardinality) and we have: 
• Two vertices of S'.+tp_ 1)/2 are associated with every vertex of R,. 
• One vertex of S'.+~p_ 1)/2 is associated with every vertex of S.\S',. 
• (q - 4) vertices in S'.+tp_ 1)/2 are associated with every vertex of R.. 
• (q  - 3) vertices in S',+tp_ 1)/2 are associated with every vertex of S.. 
The vertices on lo create triangles like those of S.. They also create pentagons. The 
pentagon made of the centre and its two on-line neighbours is completed by two 
vertices of Si, for every i in [3, (p - 1)/2]; one of the two vertices in Sty_ 1)/2 is a central 
vertex. The other pentagons are like the one in Fig. 15. 
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One can see that, among these vertices, (p - 7)/2 derives from the vertex on 1o 
labelled 2 and (p - 3)/2 from the vertex labelled 0. Among the latter, one (labelled 5 in 
Fig. 15) is a central vertex. If we call t. the number of these vertices in C., t'. the 
number of those which are central and u. the number of vertices in C. c~ lo, we have 
C n ~ U n "t- S n "Jr- r n 
with 
12 for n = O, 
u. = for n >1 1; 
I n I 
O 
2 + 4(n - 2) 
2p - 8 / 
2(p - 5) 
for n < 2, 
for 2 ~< n < (p - 1)/2, 
for n = (p - 1)/2, 
for n > (p -  1)/2; 
c= 
0 for n < (p -  1)/2, 
3 for n = (p -  1)/2, 
2 for n >(p -  1)/2, 
0 for n=O,  
r. = (q - 3)r . -  l + (q - 2)~._ l for n>O; 
s .=0 fo rn~l ,  
I (p - 3)/2 1 s .=(q-4)  r . -~p- l~/2+2 ~ r . - i  +(q -3) [~-~r - l~/2+2 
i=2 
(p- 31/2 
+2 ~, ~._~+s ' .+t .  fo rn>l ;  
i=2 
(p - 31/2 7 
1 i=2 
t s. 0 fo rn~<l ,  
s'. = (q -- 4)r._lp_ 11/2 + (q -- 3)~._tp_ 11/2 + 2r._tp_ 11/2 
-t- [ 'Sn- (p- l ) /2  - -  $ 'a - (p - l ) /2  - -  t 'n - (p - l ) /2 ]  fo r  n > 1; 
where -~i stands for ci - xi. 
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We now study tessellations {p, 3}, where p is an odd integer greater than six. We 
keep the same notations as above. Fig. 16 represents tessellation {7, 3}. A classical 
representation f this tessellation can be seen in [2, p. 206] or [4, p. 119]. 
The formulae for u,, t~ and t', are the same as above and r~ = fn_ 1. For every vertex 
of R~ not on l~ w I_ 1, and every i in [1, (p - 5)/2] (or, equivalently, for every vertex of 
S~ and every i in [2, (p - 3)/2]), there exist two vertices in S, +i. 
When two on-line neighbours have no interior neighbours, we are in the case of 
Fig. 14 and one central vertex is created; this central vertex is associated with the 
neighbour close to the center and is at distance (p - 1)/2 from it. Every vertex of R~ 
creates, with its two on-line neighbours and their two exterior neighbours, a pentagon 
like the one in Fig. 17. 
The square created by the two vertices labelled 4 has only one central vertex. We 
can say that these two vertices create two central vertices and that the vertex labelled 
0 deletes one. So we have in this case the following formulae: 
with 
cn = Un + Sn + rn 
12 for n = 0, 
u, = for n/> 1; 
l 
0 
2 + 4(n - 2) 
tn = 12p  - 8 
i 
t 2(p - 5) 
for n<2 
for 2~<n<(p-1) /2 ,  
for n = (p - 1)/2, 
for n > (p -  1)/2; 
i for n < (p -  I)/2, 
t~, = for n = (p - 1)/2, 
for n > (p -  1)/2; 
t~ for n = O, 
rn = for n = 1, 
P~_~ for n>l ;  
5 n t O (p- 3)/2 for n ~< 1, sn + 2 ~ sn_i + tn for n > 1; i=2 
0 for n~<l, 
S'n = [Sn- tp -1 ) /2  - -  S'n-(O- l)/2 - -  t 'n - (p -1 ) /2 ]  - -  rn - (p -  l) for n > 1. 
Remark.  It is possible, for one tessellation, to do different drawing where the vertices 
are on parallel ines and have as less as possible interior neighbours. This can be done 
by changing the repartition (between l~ and 1_ t ) of the neighbours of the vertices on 
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lo. With different drawing, one can obtain different formulae. In addition, with the 
same drawing, one can make different partitions of the vertices and obtain different 
formulae. Of course, all these formulae give the same values for c.. 
3. Applications 
All these formulae yield linear algorithms for calculating the circumference of the 
circles in hyperbolic or Euclidean tessellations. In addition, we have the following 
characterization f the Euclidean tessellations. 
Theorem. A regular tessellation {p, q} is Euclidean if and only if its distance sequence 
(c.). >1 t is linear (i.e. there exists r such that,for every n >t 1, c. = rn; in addition, r = q). 
Proof. Let {p, q} be a regular tessellation and x be a vertex of it. There are exactly 
q vertices y of {p,q} such that d(x,y) = 1. 
We shall now consider different cases depending on the value of p. 
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Case 1: p = 3. Let y be a neighbour of x; y has two neighbours z~ and z2 which are 
at distance 1 from x. Thus y has q - 3 neighbours at distance 2 from x; one of them is 
also a neighbour of z~, and one is a neighbour of z2 (Fig. 18). So, the circle of radius 
2 is made of q(q - 4) vertices. Thus, in this case, q must be equal to 6. 
Case 2: p = 4. Every neighbour of x has q - 1 neighbours at distance 2 from x, but 
two of them are neighbours with other neighbours of x (Fig. 19). The circle of radius 
2 is made of q(q - 2) vertices. Thus, in this case, q must be equal to 4. 
Case 3: p > 4. Every neighbour of x has q - 1 neighbours at distance 2 from x, all 
of which are different. The circle of radius 2 is made of q (q - 1) vertices, and thus, q is 
equal to 3. If p is equal to 5, the circle of radius 3 is made of 6 vertices (Fig. 20), If p is 
greater than 6, the circle of radius 3 is made of 12 vertices (Fig. 21). Thus, in this case, 
p is equal to 6 and q to 3. 
The only i f  part of the proof can easily be checked from the formulae. [] 
Similarly, we have the following result for the hyperbolic tessellations. 
Theorem. Let {p, q} be a hyperbolic tessellation and (Cn)n >1 I its distance sequence. For 
every n >I 1, q divides Cn. 
Proof. We shall denote x = y for x = y (mod q). The proofs are by induction on n. We 
always have c~ = q. We first consider tessellations {3, q}. We suppose that n > 1 and 
Fig. 18. Fig. 19. 
Fig. 20. Fig. 21. 
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that, for every i < n, ci = 0. We can rewrite the first two formulae for n >/2 in the 
following way: 
s. = Cn- I + 4, 
rn = (q - 6) c . -  l + r . -  i 
n- I  n -1  
=(q-6)  ~ c ,+r l=(q -6)  ~ c ,+q-6 .  
i= I  i=1  
Thus, we have 
n-2  
c .=(q-5)c . - ,+(q -6)  ~ c ,+q 
i=1  
SO, C n -~ O. 
We now consider tessellations {4,q}. We suppose that n > 1 and that, for every 
i < n, c~ = 0. We can rewrite the two formulae for n >/2 in the following way: 
r .=(q -3)c . _ l  +s . -1+4,  
s. = (q -- 4)c._ 2 + s._ 2. 
Thus, we have 
Cn ~ Sn - 1 q- Sn - 2 dl- 4. 
We can write 
1_,/2 
s .=(q - -4 )  ~ c . _2 i+s ,_2L , /2 ,  
i=1  
where L x stands for the f loor of x; so 
n--3 
s . -  l + s , -  2 = (q - 4) ~_, ci + so + sl  . 
i=1  
Thus, we have s._ l + s._ 2 - (q - 4) and so c. --- 0. 
We now consider tessellations {5,q}. In this case, c2 = q(q - 1). We suppose that 
n > 2 and that, for every i < n, c~ - 0. We can rewrite the two formulae for n >/3 in the 
following way: 
r. = (q -- 3)c._ 1 + s._ 1 + 4, 
s, = 2(q - -  3)c . -2 + (q - -  4 )c . -4  + s . -4 
and thus, s. - s . -4  i f  n > 4. So, for n > 4, we have 
c, - s . _ l  + s._a + 4 
and depending on the value of n, 
s4+s3+4 if n -0 (mod4) ,  
s l+s4+4 if n=l (mod4) ,  
c. = s2+s l+4 if n-=2(mod4),  
s3+s2+4 if n=3(mod4) .  
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But, we have 
So = sl = 0, s2 = 2q-  4, 
s4=2(q-3)c2+q-4= -4 ,  
r4 = (q -- 3)c3 + 2q(q -- 3) + 4 -- 4 
So, in all cases, cn = 0. 
s3 = 2q(q - 3), 
r3 =(q- -3 )c2  +2q-0 ,  
r~ = (q - 2)c,_ 1 -- r~_ 1 
ra in (n -  1,p/2 - 1) 1- p/2 - 1 "1 
sn-s '~=2 ~ (Cn- i - -2 )+(q- -4 )L rn -p /2+2 ~ rn-i 
i=2  i=2 
-]- (q  - -  3 )  ¢n-p /2  - -  rn -p /2  -1- (Cn- i  - -  r~- i )  
min(n-  1,p/2 - 1) [- 
= 2 ~ (cn-i - 2) + (q -- 3) Lcn-p/2 + 2 
i=2  
- -  m-p~ 2 + 2 ~, rn -  i . 
i=2  
If n <~ p/2 - l, we can rewrite the last formula as 
n-2  n -2  
s . - s ' .=2(q -2)  ~ c i -4 (n -2)+2(q-3) -2 ) - "  ri. 
i=1  i=0 
If n is even, we have 
n- -2  
~ ri-O and r~=2.  
i=o 
If n is odd, we have 
t '1-2 
~ ri-= - -2  and r~= -2 .  
i=0  
p/2 - 1 -I 
Cn_ i  
i=2  
We now consider tessellations {p, q}, where p is an even integer greater than 5 and 
q is greater than 3. 
If n = 1, we have 
rl =q-2 ,  s l=0,  c l=q.  
For  n = 2; 
r 2 = (q  - -  1)(q -- 2), s2 = 2 + 2(q - 3), c2 ---- q2  _ q. 
NOW, we suppose n ~> 3 and that, for every i in [1,n[,  ci - 0. We can rewrite the 
formulae in the following way: 
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So, in both  cases 
n-2  
r .  - 2 ~ r i ~-  2. 
i=0  
Thus,  in this case, c .  - 4(n - 2) + 2 - 4(n - 2) - 6 + 2 + 2 = 0. 
I f  n = p/2 ,  we have 
s,  - s', = 2(q - 2) ,..., ci - 4 - 2 + (q - 3) - 2 ri. 
'=  i=1 
As above,  s ince ro = 0, 
n-2  
r . -2~ ri=2. 
i=1  
Thus,  in this case, c ,  = 2p-  9 -  2p + 8 - 3 + 2 + 2 = 0. 
I f  n > p/2 ,  we have 
s . - s ' . -  -4  -2  - r . -p /2+2 r . - i  , 
/=2  
p/2 - 1 
r n - -  rn_p /2  - -  2 ~ r._~ = O; 
i=2  
thus,  c ,  - 0. 
We now cons ider  tesse l la t ions  {p, 3}, where  p is an even integer  greater  than five. 
For  n = 1, we  have el  = 3, r~ = 1 and  s~ = 0. We now suppose  that  n >/2  and  that,  for 
every  i < n, c~ -- 0. We have 
rn = Cn-  I - -  rn -1  =- - -  rn -1 ,  
r. = _ if n is even,  
p12 - 1 
' 2 s.  = s .  + 2 
i=2  
p /2 -  1 
= s'.+ 2 Z 
i=2  
I f  n < p/2 ,  we have 
p/2 -  I 
Cn_  i - -  1,  
i=2  
p/2 - 1 ( (~  
rn_ i  =~ 
i=2 
(Cn_ i - -  tn_  i - -  rn_ i )  - -  rn_p /2  
p/2 - 1 p/2 - 1 
C . _  i - -  2 ~ t , - ,  - 2 ~ rn -  i - -  rn -p /2 .  
i=2  i=2 
p/2 - 1 
t , - i  = 1 +2(n - -2 ) ,  
i=2  
if n is even,  
if n is odd, 
rn -p /2  = O.  
230 P. P r~a/  Discrete Mathemat ics  146 (1995)  211-233 
Thus,  c .=4(n -2)+2+2-2-4(n -2) - l+2=3=0.  
If n = p/2, we have 
p/2 - 1 p/2 - 1 
c.-, =-0, Z t . - i= 2(n- 2) 
i=2 i=2 
and, as above 
p/2 - 1 
r . -2  rn_  i - - rn_p /2  -~ - -  I. 
2 if n is even, 
r . -  -2  if n is odd, 
I (p- 31/2 1 
s . - s ' . - t .=(q -3)  Cn_tp - l ) /2+2 ~ Cn-i 
i=2 _.l 
- r . -~p-x ) /2+2 ~ r . - i  +2  
i=2 
I f  n < (p  - 1)/2,  
n-2 n-2 
s . - s ' . - t . -2 (q - -3 ) - -2  ~ r i+2-2  ~ ui, 
i=0 i=0 
n-2 
ui = 1 + 2(n - 2), s'. = O; 
i=0 
thus, c. - 2(q - 3) + 2 + 2 -  2 -  4 (n -  2) + 2 + 4(n -  2) + 2 - O. 
rn = - -  rn -  1 
and so 
We now consider tesscl lat ions {p, q}, where p is an odd integer greater than 6 and 
q an integer greater than 3. If n = 1, we have ra = q - 2, sa = ta = 0 and ca = q. 
We suppose that n /> 2 and that, for every i in [1, n[, ci - 0. We can write 
(p - 3)/2 (p- 3)/2 
¢n- i - -2  2 Un-i" 
i=2 i=2 
n-2 
r n - -  2 ~ r i = 2, 
i=0 
i=2 
Thus,  in this case c. - 2p - 9 - (2p - 8) - 1 + 2 = 0. 
If n > p/2, we have 
c . _ i=0,  t . _~=2 -2  , 
i=2 
p/2-1 0 if p/2 is even, 
i=2 r. if p/2 is odd 
and so, in both cases 
p/2 - 1 
r. -- 2 ~ r._i - r._ p/2 ~- O, 
i=2 
Therefore, c. -- 2p - 10 - 4(p/2 - 2) + 2 = 0. 
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If n = (p - 1)/2, 
n-2  
s . - s ' . - t .=(q -3) - -2  ~ r l -4 (n -2) ,  s ' ,=q-3  
~=1 
and,  as above  
n-2  
r . -2~ r i -2 .  
i=1  
Thus  c. --- 2 (q -  3) + 2 -  4 (n -  2) + 2p-  8 + 2 - 0. 
If  n > (p - 1)/2, 
S'n ~ Fn-(p- 1)/2 "~- [Sn-tp- 1)/2 - -  S'n-(p- 1)/2 - -  t 'n - (p -  1) /2] ,  
r 
S.  - -  S .  - -  tn =-- 
I (p - 3)/2 -[ (p -  3)/2 
- -  rn_(p_l)/2 + 2 i~=2 r . - i J - -  2 i=2~ U.- i  
and thus c. = s'n + 2. 
I fn=(p-1) /2+l ,  
- - r . -2 (p -5)  
s'. =- rn-tp-1)/2 = q - 2. 
I f (p+ 1) /2<n<p- -  1, 
s'n =- r ._ tp_  1)/2 + [s~_tp_ D/2 - s'~_(v_ 1)/2 - t ._ tp_ 1)/2 
"4- tn-(p- 1)/2 - -  t ' . - tp-  1)/2], 
t.-~p-1)/2 -- t ' . - tp -  1)/2 = 2 + 4(n -- (p --  1)/2 -- 2), 
n- (p+ 3)/2 n - (p+ 3)/2 
s . - tp_  1)/2 - s'._tp_ 1)/2 - t . -~p-  t)/2 - - 4 - 2 ~, ri - 2 ~ ui, 
i=0  i=0 
n - (p + 3)/2 
i=o 2 ' 
n - (p + 3)/2 
rn -~p-  1)/2 - -  2 ~" r i -- 2. 
i=0  
Thuss ' . -2 -4 -2(1+2n-p-3)+2+4n-2(p -1) -8= -2 .  
I fn=p-  1, 
[t(p- 1)/2 - -  t(p- 1)/2]  = 2p - 11, 
rip_ 1)/2 + [Sip-1)/2 - -  Sip-1)/2 - -  t(p-1)/2J ~ (q -- 3) + 2 -- 4((p -- 1)/2 -- 2); 
thus, s'. -= - 2. 
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I fn  >p-  1, 
t . - (p - l ) /2  - t ' . - (p -1 ) /2  ~- 2(p - 5 ) -  2, 
s ._ tp_  1)/2 - s'._tp_ 1)/2 - tip_ 1)/2 =- - r . _ tp_  1)/2 - -  2(p - 5); 
thus,  s'. --- - 2. 
We f inal ly cons ider  tesse l lat ions {p, 3 }, where  p is an  odd  integer  greater  than  6. We 
suppose  that  n is greater  than  1 and  that,  for every i < n, ci - O. We have  
rn ~- -- rn-1 
and so 
1 if n is odd,  
r . -  -1  if n is even, 
(p -  3)/2 (p - 3)/2 (p - 3)/2 
s . - s ' . - t .  =-2 Z c . - i -2  Z r . _ i -2  Z u. - i .  
i=2  i=2 i=2 
I f  n < (p - 1)/2, 
n-2  
s. - s'. - t. = 2 - 2 ~ r i - -  2(1 + 2(n - 2)), s'. = O, 
i=0  
n -2  
r . -2  ~ r i -= -1 ;  
i=0  
thusc . -2 -1+2-2( l+2(n -2) )+2+4(n-2)=3-0 .  
If  n = (p - 1)/2, 
. - -2  
s. - s'. - t .  -- -2  ~ ri - 4(n - 2). 
i=1  
As above  
n-2  
s ' .=O,  r . -  2 ~ ri = - 1; 
i=1  
so, c . -2 -  1 - -4 ( (p -1 ) /2 -2 )+2p-8=3-0 .  
I f  n > (p - 1)/2, 
- 2r .  - 4((p - 3)/2 - 1) 
s. - s;  - t. = 4((p - 3)/2 - 1) 
thus,  c. - s'. -= 2 - rn_ tp_3) /2  -~ 2 + rn_ (p - l ) /2 .  
I fn=(p-1) /2+ 1, s'. = O, and  so c. - 2 + rl = 3. 
I f (p+ 1) /2<n<p-  1, 
if (p  - 3 ) /2  is even, 
if (p -  3)/2 is odd;  
s'. - [ s . _ tp_  1)/2 -- s ' . - tp -  1)/2 -- t . - tv -  1)/2 -t- t . -~p-  1)/2 -- t ' ._tp_ 1)/2],  
[ t . _ tp_  1)/2 - t'._~p_ 1)/2] = 2 + 4(n  - (p  - 1) /2  - 2), 
r ._tp_ 1)/2 + [s._tp_ 1)/2 - s'._tp_ 1)/2 - t ._tp_ 1)/2] -= - 1 - 4(n - (p - 1)/2 - 2); 
thus  c. -= 3, 
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I fn=p-  1, 
Sen ~ [Sn- (p -1 ) /2  - -  Stn-(p - 1) /2  - -  i n - (p -1 ) /2 ]  "{- [tn-(p-1)/2 - -  ltn-(p - 1) /23 ,  
[ t , -~v-  1)/2 - t ' . -~v- 1)/23 = 2p - 11, 
rn-(p-  1)/2 + [Sn- tp -  1~/2  - -  S'n-(p- 1)/2 - -  tn- (p-  1) /2 ]  
_- 1 - 4 ( (p  - 1 ) /2  - 2 )  = 9 - 2p. 
And  thusc .=2+2p- l l  +9-2p=0.  
I fn  >p-  1: 
Sn - -  [S .  - -  (p  - -  1 ) /2  - -  Sn - -  (p  - -  1 ) /2  - -  t .  - -  (V  - -  1 ) /2 ]  
+ [ t .  - (v  - 1 ) /2  - t "  - (p  - 1 ) /2 ]  - r .  - (p  - 1) ,  
I t ,  - (p - 1)/2 - t'n - (p - 1)/2]  = 2p - 12, 
r .  - (p - 1)/2 + Is .  - (p  - 1)/2 - s" - (p - 1)/2 - t .  - (p - 1)/23 
= 4( (p  - 3)/2 - 1) + r ._~p_ 11; 
thus ,  c .  =- O. 
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